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RNA viruses depend on error-prone reverse-transcriptase for replication within
an infected host. These errors lead to a high mutation rate which creates a diverse population of closely related variants [1]. This viral population is known as
a quasispecies. As breakthroughs in next-generation sequencing have allowed for
researchers to apply sequencing to new areas, studying genomes of viral quasispecies is now realizable. By understanding the quasispecies, more effective drugs
and vaccines can be manufactured as well as cost-saving metrics for infected
patients implemented [2].
Given a collection of (shotgun or amplicon) next-generation sequencing reads
generated from a viral sample, the quasispecies reconstruction problem is defined
as: reconstruct the quasispecies spectrum, i.e., the set of sequences and respective
frequencies of the sample population.
Reconstructing the quasispecies spectrum is difficult for several reasons. The
actual amount of variants may be obfuscated by conserved regions in the genome
that extend beyond the maximum read length. Additionally, the amount of possible assignments of reads to variants in overlapping segments grows quickly.
Furthermore, we are required to rank the variants by frequency. Previous approaches have utilized min-cost flows, probabilistic methods, shortest paths, and
population diversity for the quasispecies spectrum assembly problem [3–6].
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This work extends the maximum bandwidth method of [7] by including an
exact multi-commodity flow method using Integer Linear Programming. Despite
ILP being NP-hard, read graphs built from viral amplicon data tend to be small
enough to solve quickly.
An amplicon A is a multiset of reads such that, each read r ∈ A has the
same predefined starting and ending position in the genome (i.e. startA , endA ).
Two amplicons A1 , A2 are said to overlap if and only if startA2 < endA1 . A set
of amplicons A = {A1 , . . . , Am } is said to be overlapping if and only if Ai and
Ai+1 overlap for i = 1 . . . m − 1. Given an overlapping set A = {A1 , . . . , Am }, we
define a partial order for overlapping amplicons where r ≺ r0 , r ∈ Ai , r0 ∈ Ai+1
if and only if the suffix of r starting at startAi+1 is the same sequence as the
prefix of r0 ending at endAi .
Given an overlapping set A = {A1 , . . . , Am } an m-staged directed read-graph
is defined as G = (V = V1 ∪ · · · ∪ Vm ∪ {s, t}, E, c), where v ∈ Vi , 1 ≤ i ≤ m
corresponds to a distinct read in amplicon Ai . An edge (u, v) ∈ E if and only
if readu ≺ readv for u, v ∈
/ {s, t}, u = s and v ∈ V1 , or v = t and u ∈ Vm .
Additionally, c : V → N is the count of the read represented by v ∈ Vi in
amplicon Ai .

Lemma 1 (Each consistent overlap in amplicons Ai , Ai+1 corresponds
to a unique bipartite clique in G). Suppose the contrary. Let v, v 0 ∈ Ai and
u, u0 ∈ Ai+1 , where v ≺ u, v ≺ u0 , v 0 ≺ u. Since v 0 and u are comparable but v 0
and u0 are not, the prefixes of u and u0 must not be consistent. This implies a
contradiction with v ≺ u and v ≺ u0 .
t
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Using this simple fact, we output a new “forked” read-graph. An m-staged
directed read-graph can be represented by an (2m − 1)-staged “forked” readgraph. Given an i × j bipartite clique Ki,j in G create an i + j star graph Si+j
with a new “fork” vertex as the internal node. Repeating this for all bipartite
cliques over Vk , Vk+1 will produce a new “fork” stage Fk . Repeating again for all
neighboring stages we see m − 1 new fork stages. Lastly we denote c : E → N
to be the count function for edges. This will reduce the number of edges at the
cost of additional vertices if the graph has sufficiently dense bipartite cliques.
Given an edge (f, u) or (u, f ) where f is a fork and u is a read vertex let c(f, u)
or c(u, f ) be c(u). This will be useful for flow formulations. Figure 1 illustrates
this transformation.
Given a forked read-graph, the quasispecies reconstruction problem may be
restated as a network flow problem. A k-multi-commodity flow problem isP
defined
k
as given k (si , ti ) pairs either minimize or maximize the total flow f = i=1 f i
subject to capacity and demand constraints. For the quasispecies reconstruction
problem we wish to minimize the total k flows such that each read is fully
covered. Additionally, we force each flow to to be unsplittable, i.e., each flow is
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Fig. 1: Creating a “forked” read-graph from the original directed read-graph.
a simple s-t path in the read-graph, where si = s, ti = t, 1 ≤ i ≤ k.
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The method was run on data simulated from the E1E2 region of 44 HCV
strains. Variants for each data set were produced from a uniform distribution,
geometric distribution, or skewed distribution. Cross-validation was done by using Jensen-Shannon Divergence (JSD) to measure the quality of frequency assignment. JSD is defined as,
JSD(P ||Q) =

1
1
DKL (P ||M ) + DKL (Q||M )
2
2

where
DKL (P ||Q) =

n
X
i=1

P (i) log

P (i)
Q(i)

and M = 12 (P + Q). We also evaluate the quality of assembled quasispecies by
using sensitivity and positive predicted value. Sensitivity measures the correctly
assembled quasispecies out of the population, while PPV measures the correctly
assembled quasispecies out of the assembled population. They are defined as,
Sensitivity =

TP
,
TP + FN

PPV =

TP
.
TP + FP

Fig. 2: Sensitivity of Multi-Commodity Flow and Maximum Bandwidth

Fig. 3: PPV of Multi-Commodity Flow and Maximum Bandwidth
Under all three measures, the multi-commodity flow formulation performed
competitively with Maximum Bandwidth. The flow formulation produced less
variants than maximum bandwidth in all three quasispecies distributions. This
lead to higher PPV (Fig. 3), but slightly less sensitivity (Fig. 2). The divergence
is slightly higher than Maximum Bandwidth’s due to skewing of frequencies from
lower sensitivity (Fig. 4). While the current model performs quite well overall, we
expect that further improvements to the flow model will lead to more accurate
assemblies.
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