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Abstract— The QoSSteinerTreeProblemasksfor the mostcost-
efficient way to multicast multimedia to a heterogeneouscollection
of userswith differ ent consumptionrates.We assumethat the cost
of usinga link is not constantbut rather dependson the maximum
bandwidth routed thr ough the link. Formally, given a graph with
costson the edges,a sourcenodeand a setof terminal nodes,each
onewith a bandwidth requirement,the goal is to find a Steiner tr ee
containing the source, and the cheapestassignmentof bandwidth
to each of its edgesso that each source-to-terminal path in the
tr eehas bandwidth at leastas large as the bandwidth required by
the terminal. Our main contributions are: (1) new covering-type
integer linear program formulations for the problem; (2) two new
heuristics based on the primal-dual framework; (3) a primal-
dual constant-factor approximation algorithm; (4) an extensive
experimental study of the new heuristics and of several previously
proposedalgorithms.

I . INTRODUCTION

Recent progressin audio, video, and data storage tech-
nologieshasgiven rise to a host of high-bandwidthreal-time
applicationssuch as video conferencing.Theseapplications
require Quality of Service(QoS) guaranteesfrom the under-
lying networks. In light of this, multicast routing algorithms
which managenetwork resourcesefficiently and satisfy the
QoSrequirementshavecomeunderincreasedscrutiny in recent
years[14]. The focuson multimediadatatransfercapability in
networks is expectedto further increaseasapplicationssuchas
video conferencinggain popularity.

Multimedia distribution is usually donevia multicast trees.
Thereare two reasonsfor basingefficient multicastrouteson
trees:(a) the datacan be transmittedconcurrentlyto destina-
tions along the branchesof the tree,and (b) only a minimum
numberof copiesof the datamust be transmittedsinceinfor-

mation replicationis limited to the forks of the tree [16]. The
bandwidthsavingsobtainedfrom theuseof multicasttreescan
be maximized by using optimal or nearly optimal multicast
tree algorithms.Futurenetworks will no doubt integratesuch
algorithmsinto basicoperationalperformance[3].

Several versionsof the QoS multicast problem have been
studied in the literature. These versions seek routing tree
cost minimization subject to (1) end-to-enddelay, (2) delay
variation,and/or(3) minimumbandwidthconstraints(see,e.g.,
[3], [13], [9]). In this paper, we considerthe caseof minimum
bandwidthconstraints,thatis, theproblemof findinganoptimal
multicast tree when each terminal possessesa different rate
of receiving information. This problem is a generalizationof
the classicalSteiner tree problem and thereforeNP-hard[5].
Formally, given a graph �	��

������� , a source � , a set of
terminals � , andtwo functions:length ��������� representing
the length of eachedgeand rate ��������� representingthe
rateof eachterminal,a multicast tree  is a treein � spanning� and � . The rate of an edge ! in a multicasttree  , denoted
by rate 

!"�# $� , is the maximumrateof a downstreamterminal,
i.e., of a terminal in the connectedcomponentof  &%'! which
doesnot contain � . The cost of a multicasttree  is definedas

(*) �,+-
. /�0� 1*243 length 
#!4�65 rate 
#!7�
QUALITY OF SERVICE STEINER TREE PROBLEM (QOSST):
Given a network �8�9
#���:�;� length � rate � with source �=<>�
and set of terminals �@?A� , find a minimum cost multicast
tree in � .

The rest of the paper is organizedas follows. In the next



Input: A graph B'CEDGFIHKJLH length H rate M with a sourceN in F and
a collectionof terminalsOQPRF .

Output: A QoSSteinertreespanningthe sourceandthe terminals.

(1) Initialize the currenttree to STN"U .
(2) Find a non-reachedterminal V of highestratewith the shortestdistance

to the currenttree.
(3) Add V to the currenttreealongwith a shortestpathconnectingit to the

currenttree.
(4) Repeatuntil all terminalsarespanned.

Fig. 1. Maxemchuk’s Algorithm for the QoSSteinerTreeProblem.
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Fig. 2. A badexamplefor Maxemchuk’s algorithm,with WXCRY rates.In the
figure, Z[C]\T^`_ba
c*dfe . Therateof eachnodeis givenabove thenode.Theedge
lengthsaregivenon thethin curvedarcs,while on thesolid horizontalline each
segment has length \T^`_ cgdfe�h Z . The optimum, of total cost \ h _ cgdfe ZiC\ h _bc*dfejDk\T^`_ba
c*dlegM[C>\ h \T^`_bc , usesthe solid horizontal line at rate 1.
Maxemchuk’s algorithmpicks the thin curved arcsat a costof \ h Dk\T^`_bMmDk\onZ"M h _bDm\T^`YbMkDk\pnL_*Z"M h YbDk\T^`qbMkDm\�nsr*Z-Mlt]DmDGW h \gMu^`_bMkDm\�n=\T^`_ c M .

sectionwe give a short summaryof the algorithmsproposed
by [9], [5], and[8] andshow that theapproximationratio of the
algorithm from [9] is unbounded.In SectionIII, we consider
an integer linear programformulation (ILP) and describetwo
heuristicsbasedon the primal-dualframework. Thenwe prove
that a primal-dual algorithm basedon an enhancedILP has
an approximationratio of 4.311. Finally, in Section IV we
concludewith an experimentalcomparisonof our two primal-
dual heuristicswith algorithmsfrom [9], [5].

I I . PREVIOUS WORK

A. Maxemchuk’s Approach

Maxemchuk[9] proposeda heuristicalgorithmfor the QoS
SteinerTree Problem.His algorithm is a modification of the
MST heuristicfor SteinerTrees[15] (seeFigure1).

The extensive experimentsgiven in [9] demonstratethat this
method works well in practice. Nevertheless,the following
exampleshows that the methodmay producearbitrarily large
error (linear in thenumberof rates)comparedwith theoptimal
tree. Consider the natural generalizationof the example in
Figure2 with anarbitrarynumberv of distinctrates.Its optimal
solution hasa cost of about w , whereasMaxemchuk’s method
returnsa solutionof costabout 
#v�x=wy�
z:{ . As thereare {}|7~���x=w
nodes,this costcanalsobewritten as w�x ����.�b� � 
K��%�wb� , where� is the numberof nodesin the graph.We concludethat the
approximationratioof Maxemchuk’salgorithmis nobetterthan
linear in the numberof ratesandno betterthan logarithmic in
the numberof nodesin the graph.

B. The Charikar-Naor-Schieber Algorithm

The Charikar-Naor-Schieber algorithm [5] is the first
constant-factor approximationalgorithm given for the QoS
Steinertree problem.In its first step,all ratesare roundedto
the closestpower of two to producethe roundedup instance
of this problem (clearly, this at most doublesthe cost of an
optimalsolution).In its secondstep,Steinertreesarecomputed
separatelyfor eachrate (within someapproximationratio � ).
The union of thesetreesis the final solution.

Replace each edge of rate {�� by edges of the rate{b�y��{ � ���:�����,{ ��~I� ��{ � , respectively. In the new network, all edges
of a specificrateform a Steinertree.Sincethe optimal cost in
this new network is no morethantwice thecostof the rounded
up instance,taking the union of all the computedSteinertrees
introducesanotherfactor of two to the approximationratio.
Thus the final approximationfactor is {;57��5*{=����� .

Using a randomization technique, Charikar, Naor, and
Schieber[5] reduce the approximationratio to !"�����l� {ow ,
where !���{����bw is the Euler constantand �9��w4� �b� is the
currentlybestapproximationratio for theSteinerTreeproblem.
The approximationfactor hasbeenfurther improved to �l� �y�b{
by Karpinski et al. [8].

C. Algorithms for Two or Three Rates

In practice,it is often the casethat only few distinct rates
are requestedby the terminals.This is why the QoS problem
with two or threerateshasa long history [1], [2], [10], [17].
The previously-bestresults of [10] and [17] have produced
algorithmswith approximationfactorequalto {l� �y�f� (provided
that the MST heuristic is used to compute Steiner trees).
Karpinski et al. [8] improved this ratio to {�� �fw*� and showed
that it can be further improved to w7� �y� if more sophisticated
time consumingSteinertreealgorithmsareused.

I I I . PRIMAL-DUAL MOTIVATED ALGORITHMS

TheQoSSTproblemcanbeformulatedasanintegerprogram
asfollows. Considera network ����

�����;� length � rate � with a
sourcenode � anda setof terminalnodes.Let � �[� � � � 5:5�5 �� | be all rate valuesassignedto the terminals. It simplifies
notationto assumethat every nodehasa rate by considering
anextra rate � � ��� (assignrate � � to eachnon-terminalnode).
Also, we may assumethat � hasthe highestrate.Constructa
new network �¡ s�¢

�����£ �� cost � rate � by replacingeachedge! of � with v edges 

!"�#� � �#�-
#!-�#� � �
�:�����:�-
#!-�#� | � and setting
cost 
�
#!"�
� � �����¤� � 5 length 

!7� .

Let ¥0¦ 1:§ ¨�© be a booleanvariabledenotingwhetheredge ! is
usedat rate� in anoptimumtree.TheQoSSteinertreeproblem
canbe formulatedas

min ¦ 1:§ ¨�©,24ª�« ¥0¦
1:§ ¨�© 5j�;5 length 

!7� (III.1)

s.t. ¬G­
® ¯K°K±y²T¬G³-°¨-´�¨ ³ ¥µ¦ 1:§ ¨�©·¶ w7�¹¸Iº�?>�¼»¡�b�"� (III.2)

¥µ¦ 1:§ ¨�© <½�����"w7� (III.3)



where ¾b

ºi� denotesthe setof edgeswith exactly oneendpoint
in º and �4¿ denotesthe maximumrateof a nodein º . Note
that (III.1) gives the cost of an optimal solution,while (III.2)
guaranteesthateachterminalis connectedto thesourcethrough
a collectionof edgesof rateno lessthan its rate.

We relax the integrality constraints(III.3) and considerthe
dual linear program.For each 
#!"�
�l� , we define ºiÀ"

!"�#���¤��7º�<Á�Â»s�b�4�Ã�Ä
#!"�
�l�i<Á¾b
#ºi�
�#� ¶ �4¿¡� . In words, º À 

!"�#���
is the setof subsetsº of �>»¡�b�"� suchthat 

!"�
�l� hasat least
oneendpointin º and � is at leastas large as � ¿ . Using this
definition, the dual is as follows:

max ¿
Å ¿

s.t. ¿ 2 ¿�Æ ¦ 1:§ ¨�©
Å ¿�Ç �;5 length 
#!7�
�	¸�
#!-�#�l�
Å ¿ ¶ �

A. The Naive Primal-Dual Method

The primal-dualframework appliedto network designprob-
lems usually grows uniformly the dual variablesassociatedto
the“active” componentsof thecurrentforest[6]. This approach
fails to take into accountthedifferentratesof differentnodesin
theQoSproblem.In Figure3 wegiveamodification,referredto
as the “Naive Primal-Dual” algorithm.Our modificationtakes
into accountthe different ratesby varying the speedat which
eachcomponentgrows. While the simulationsin the ensuing
sectionsshow thatthis is agoodmethodin practice,thesolution
it produceson somegraphsmaybevery largecomparedto the
optimal solution,asshown by the following example.

Input: A graph B'CEDGFIHKJLH length H rate M with a sourceN in F and
a collectionof terminalsOQPRF .

Output: A QoSSteinertreespanningthe sourceandthe terminals.

(1) Start from the spanningforestof B with no edges.
(2) Grow È7É with speedÊ É for each“active” componentË of the current

forest. (A componentË is inactive if it containsN and all verticesof
rate Ê É .)

(3) Stop growing oncethe dual inequality for a pair DuÌ"H�Ê"M becomestight,
with Ì connectingtwo distinct componentsof the forest.

(4) Add Ì to the forest,collapsingthe two components.
(5) Terminatewhenthereis no active componentleft.
(6) Keepan edgeof the resultingtreeat the minimum neededrate.

Fig. 3. The Naive Primal-Dualalgorithmfor the QoSSteinerTreeProblem.

Í Î Ï Í Ð Ï
Fig. 4. The RestartingPrimal-Dualavoids the mistake of the Naive Primal-
Dual. Part (a) shows duplicationof the edges.Part (b) shows the components
growing along the respective edges.

The Frame Example. Considertwo nodesof rate w connected
by an edgeof length w (seeFigure4). Thereis an arc between
thesetwo nodes,andon this arcthereis a chainof nodesof rate

Input: A Graph BµÑlC]DuFIH�JÒH�Ó#Ô`N,V�HKÊ`Õ:V�Ì-M with sourceN , anda
collectionof terminals O .

Output: A QoSSteinerTreespanningthe sourceand the terminal.

(1) Grow eachactive ËpÖ
× with speedÊ�Ø alongincidentedgesDGÌ4HKÊgÙgMmHÛÚÄÜRÝ ,
picking edgeswhich becometight.

(2) Continuethis processuntil thereis no active componentof rate Ê c .
(3) Remove all edgeswhich arenot necessaryfor maintainingconnectivity

of nodesof rate Ê c .
(4) Accept (keep in the solution) and contractall edgesof Ë Ö�Þ (i.e., set

their length/costto 0)
(5) Restartthe algorithmwith the new graph

Fig. 5. TheRestartingPrimal-Dualalgorithmfor theQoSSteinerTreeProble.

ß . Eachtwo consecutive nodesin the chainareat a distance¾
from eachother, where ¾ � w . Eachextremenodein the chain
is at a distance¾4z�{ of its neighboringrate-1node.

The Naive Primal-Dual applied to this graph connectsthe
rate-ß nodesfirst, since à� � �� . So, the algorithm connects
the rate-1 nodesvia the rate-ß nodes,and not via the direct
edgeconnectingthem.Thus,the Naive Primal-Dualcanmake
arbitrarily large errors(just take an arbitrarily long chain).

B. Restarting Primal-Dual Algorithm

An improvedalgorithmis given in Figure5. Onecaneasily
seethat this is a primal-dualalgorithm. Indeed,eachaddition
of an edgeto the currentsolutionis the resultof growing dual
variables.Moreover, sincethe feasibility requirementfor edgeá is â0ã 2 à ¦ ¿

© Å ¿ Ç �ä5 length 
 á � , this addition preserves the
feasibility of thedualsolution.Thealgorithmmaintainsforestså ¨ × given by the edgespicked at rate � � , and the connected
componentsof

å ¨ × , seenassetsof vertices,aredenotedin the
algorithmby º ¨ × . Sucha componentis active if �7¿ ¯ × �¤� � andº ¨ × is disjoint from componentsof higher rate.

The RestartingPrimal-Dualavoids the mistake madeby the
Naive Primal-Dualon the frameexamplein Figure4(a).Then,
at time à� the rate-ß nodes becomeconnected.This means
that ¾b
,wæ% ß � of eachrate-1edgebetweenthe ß -rate nodesis
not covered.Meanwhile,the rate-1nodesare growing on the
respective edgesasshown in Figure4(b).

Let usassumethat theRestartingPrimal-Dualusesthechain
of rate-ß nodesto connectthe two rate-1nodesinsteadof the
direct edge.This would imply that it takes lesstime to cover
the chain, i.e., �� ¾b
,wX% ß �.� Ç �� % à� , where � is the number
of rate-ß nodes.With ß small, we obtain ��¾ Ç w , so if the
RestartingPrimal-Dualusesthe chain then it is correct to do
so.

C. Primal-Dual 4.311-Approximation Algorithm

A primal-dual constant-factor approximationalgorithm can
be obtainedbasedon the enhancedinteger linearprogramming
formulation below. It takes into accountthe fact that if a setºèçé�ê»i�7�4� is connectedto the sourcewith edgesof rate�7 Ië��4¿ , thenthereshouldbeat leasttwo edgesof rate �7  with



exactly oneendpointin º . The integer programis

min ¦ 1:§ ¨�©,24ª « ¥0¦
1:§ ¨�© 5`�;5 length 
#!7�

s.t. ­K±y²T¬G³-°¨�ì�¨ ³ ¥µ¦
1:§ ¨�© x w{ ­K±b²
¬í³"°¨4î�¨ ³ ¥0¦

1:§ ¨#©¤¶ w4�E¸Iº�?>�>»ï�7�4�
¥0¦ 1:§ ¨�© <ð�����"w7�

The correspondingdual of the LP relaxationis

max ¿�ñlò�ó4ôTõ*ö
Å ¿

s.t. ³Ò÷ ­K±y²T¬G³"°¨ ³ ì�¨ Å ¿ x w{ ³Ò÷ ­.±y²
¬í³"°¨ ³6ø ¨ Å ¿�Ç �;5 length 

!7� (III.4)

Å ¿ ¶ �
The core of the algorithm is presentedin Figure 6. Before

that, we do a randombucketing of ratesfollowing [5]. Let á
be a real (to be picked later) and ù be a real picked uniformly
at randomfrom the interval ú �£���"wgû . Every node of rate � is
replacedby anodeof rate á7ü ��ý , whereþ is theintegersatisfyingá7ü ��ýg~I� � � Ç á7ü ��ý .

The primal-dual part follows the classical framework [6],
andworks in stagesstartingfrom the lower rateto the highest.
During the executionof the algorithm, edgesare picked at a
certain rate (in other words, ¥0¦ 1:§ ¨#© is set to 1) one by one.
Before executingstep 3 at rate � for the ÿ th time, the set of
edgespicked at rate � by the algorithm forms a forest

å ¨� .
(An edgecan be picked at several rates,but it is kept in at
mostonesuchrate in the final solutionbecauseof the reverse
deletestep.)A componentº of

å ¨� is called an � -component
if �4¿ �'� .

Using Constraint(III.4), it follows by induction on þ that,
for an edge ! anda rate á ü ��ý , we have

³Ò÷ ­K±y²T¬G³-°¨ ³ � ã������
Å ¿ Ç length 

!7� á ü ��ý ý

�
ì
�

w{ á
�

Ç length 

!7� á ü ��ý { á{ á % w �

Input: A graph B'CEDGFIHKJLH length H rate M with sourceN in F and
a collectionof terminalsOQPRF .

Output: A QoSSteinertreespanningthe sourceandthe terminal.

(1) For eachÊ[CRÊ e H�Ê a H	�	�
�#H�Ê c , executesteps2-6.
(2) Start from the spanningforest � Ö of B with no edges.
(3) Grow È É uniformly for eachÊ -componentË of the currentforest � Ö .
(4) Stop growing oncethe dual inequality for a pair DuÌ"H�Ê"M becomestight,

with Ì connectingtwo distinct componentsof � Ö .
(5) Add DuÌ"HKÊ4M to � Ö , collapsingtwo of its components.
(6) Terminatewhenthereis no Ê -componentof � Ö left.
(7) Traversing the list of picked edgesin reverseorder, remove an edgeDGÌ4H�Ê4M from � Ö if after DGÌ4H�Ê4M ’s removal the setof edgespicked form a

feasibletree.

Fig. 6. The 4.311-approximationalgorithmfor QoSSteinerTree.

For anedgepickedby thealgorithmat rate � , Constraint(III.4)
is tight and therefore

³Ò÷ ­.±y²
¬í³"°¨ ³ � ã������
Å ¿ ¶ length 

!7� { á %ð{{ á % w á ü ��ý � (III.5)

Exactly as in [6], we have that the numberof edgesof rate� in the final solution which cross the active � -components
at somemoment (an edgebeing countedtwice if it crosses
two � -components)is at most twice the number of active� -components.Using Equation (III.5) and exactly the same
argumentas in Theorem4.2 of [6], we obtain that the cost of
the solutionof the algorithmis boundedby 
 {f
 { á %&wb�#z}
�{ á %{f�,� Å ¿ Ç 
,
�{ á % wb�
z�
 á %&wy��� )�
 + , as any feasiblesolution
for the dual linear programhasvalueat most the valueof any
feasiblesolutionof the primal.

The sameargumentas in [5] shows that the approximation
ratio of the algorithm above is 
 { á % wy�
z ��� á . Numerically
picking the bestvalue for á , we obtain:

Theorem 3.1: The outputcostof the algorithmon Figure
6 is at most ��� �fwyw timesthe optimumcost.

IV. EXPERIMENTAL STUDY

All algorithmsexcept the very recent4.311-approximation
Primal-Dual were implementedin C++. The heuristicswere
compiledusinggpp with -O2 optimization,andrun on a Sun
workstation Ultra-60. The experimentswere run on random
testcasesgeneratedusingGT-ITM generator[7] which is used
for modellinginternetnetworks[4]. TableI givesa comparison
of the performanceof of the aforementionedalgorithms.The
experimentswere conductedin the presenceof no Steiner
nodes,respectively �y��� Steinernodes.Moreover, both arith-
metic andgeometricdistributionsof rateswere tested.

Table I gives the results of a multitude of experiments;
however, the resultsare fairly uniform throughout.It can be
observed that the Naive Primal-Dual and the Charikar-Naor-
Schieberalgorithms most often produce comparableresults
which are slight improvementsover the resultsproducedby
Maxemchuk’s algorithm.The RestartingPrimal-Dualtypically
producesthe best result, which is typically ��� {b�/%&� percent
betterthantheresultproducedby Maxemchuk’salgorithm;this,
however, occursat the expenseof greaterCPU time. It can
also be observed that the differencebetweenthe algorithms
increasesas the numberof rates increases.Figures7 and 8
illustrate theseresultsin graphicalform.

V. CONCLUSIONS

In this paper we have proposednew primal-dual heuris-
tics and approximationalgorithms for the QoS Steiner Tree
problem. One limitation of the QoSST formulation is the
assumptionthat each link in the network is able to support
the maximum possible terminal rate. A more sophisticated
version of the problem would include a maximum possible
rate function maxrate ���ê����� , thus taking into accountthe
different typesof links existing in real networks.Furthermore,
in practicemaximumlink rateswould vary dynamicallyas a



TABLE I

COST IMPROVEMENT OVER MAXEMCHUCK ’ S ALGORITHM (%) AND CPU

SECONDS FOR CHARIKAR-NAOR-SCHIEBER AND PRIMAL-DUAL

ALGORITHMS (AVERAGES OVER 10 TESTCASES).

50% steinernodes,geometricprogressionrates
R N Maxem. Charikar Naive-PD Restart-PD

CPU %G CPU %G CPU %G CPU
1 200 0.017 0.00 0.017 -0.01 0.544 -0.01 0.325
1 300 0.050 0.00 0.052 0.04 1.372 0.04 0.946
2 200 0.027 0.00 0.026 0.43 1.271 1.03 1.125
2 300 0.070 0.00 0.072 0.93 4.573 2.17 3.747
5 200 0.044 0.00 0.044 -2.13 1.490 1.30 5.321
5 300 0.123 0.00 0.120 -0.91 5.221 1.10 16.798

10 200 0.065 0.00 0.068 -2.53 1.636 0.66 17.848
10 300 0.180 0.00 0.176 -2.61 6.582 0.24 107.125

50% steinernodes,arithmeticprogressionrates
1 200 0.016 0.00 0.017 -0.01 0.541 -0.01 0.327
1 300 0.052 0.00 0.051 0.04 1.370 0.04 0.946
2 200 0.027 0.00 0.023 -0.69 1.373 -0.00 1.136
2 300 0.071 0.00 0.070 -0.32 4.491 0.24 3.773
5 200 0.043 -0.01 0.040 1.70 1.564 2.66 5.256
5 300 0.123 -0.10 0.107 1.92 5.392 4.19 17.271

10 200 0.067 1.79 0.043 4.25 1.556 6.11 16.856
10 300 0.181 2.36 0.126 3.38 5.444 5.73 92.575

0% steinernodes,geometricprogressionrates
1 100 0.002 0.00 0.002 0.00 0.052 0.00 0.077
1 200 0.028 0.00 0.028 0.00 0.251 0.00 0.465
2 100 0.007 0.00 0.007 1.21 0.088 1.69 0.185
2 200 0.038 0.00 0.033 2.14 0.698 2.31 1.517
5 100 0.012 0.00 0.013 1.24 0.120 2.82 0.665
5 200 0.059 0.00 0.056 -0.25 1.296 1.70 6.314

10 100 0.019 0.00 0.018 -0.68 0.133 1.63 1.953
10 200 0.090 0.00 0.091 -1.97 1.466 0.73 20.525

0% steinernodes,arithmeticprogressionrates
1 100 0.005 0.00 0.005 0.00 0.054 0.00 0.078
1 200 0.026 0.00 0.026 0.00 0.247 0.00 0.457
2 100 0.005 0.00 0.006 -0.11 0.111 -0.04 0.187
2 200 0.036 0.00 0.034 -0.02 1.078 0.30 1.570
5 100 0.011 -0.17 0.011 3.70 0.114 4.60 0.656
5 200 0.059 -0.15 0.052 3.13 1.235 3.85 5.952

10 100 0.019 2.62 0.012 6.65 0.113 7.12 1.922
10 200 0.091 2.67 0.058 5.83 1.203 6.38 17.689
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Fig. 7. The gain of several algorithmsversusMaxemchuk’s algorithm,50%
Steinernodes.

result of concurrenttraffic. Finding approximationalgorithms
and practical heuristicsfor thesegeneralizationsis left as an
openproblem.
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[8] M. Karpinski, I. Măndoiu,A. Olshevsky, and A. Zelikovsky, Improved

ApproximationAlgorithms for SomeGeneralizationof the SteinerTree
Problem, Proc.Int. Workshopon Algorithms andDataStructures,LNCS
2748,(2003),pp. 401–411.

[9] N. Maxemchuk,VideoDistribution onMulticastNetworks, IEEE Journal
on SelectedIssuesin Communications15:357-372(1997).

[10] P. Mirchandani,Themulti-tier treeproblem, INFORMS Journalon Com-
puting 8:202–218(1996).

[11] H.J.PromelandA. Steger, A new approximationalgorithmfor theSteiner
treeproblemwith performanceratio �� , Journalof Algorithms36:89–101,
(2000).

[12] G. Robins and A. Zelikovsky, Improved SteinerTreeApproximationin
Graphs, Proc.of ACM/SIAM SymposiumonDiscreteAlgorithms(SODA
2000),770–779.

[13] G.N. RouskasandI. Baldine,Multicastroutingwith end-to-enddelayand
delayvariationconstraints, IEEE J.on SelectedAreasin Communications
15:346–356,(1997).

[14] H.F. Salama,D.S. Reeves,andY. Viniotis, Evaluationof MulticastRout-
ing Algorithms for Real-Time Communicationon High-SpeedNetworks,
IEEE Journalon SelectedAreasin Communications,3:332–345(1997).

[15] H. TakahashiandA. Matsuyama,An ApproximateSolutionfor theSteiner
TreeProblemin Graphs, Math. Japonic,6:573–577,(1980).

[16] H. Ural andK. Zhu,An EfficientDistributedQoSBasedMulticastRouting
Algorithm, Proceedingsof the 21st IEEE International Performance,
Computing,andCommunicationConference,27–36(2002).

[17] G. Xue, G.-H. Lin, andD.-Z. Du, Gradeof serviceSteinerminimumtrees
in theEuclideanplane, Algorithmica 31:479–500,(2001).


